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We derive a set of isometric fluctuation relations, which constrain the order parameter fluctuations in
finite-size systems at equilibrium and in the presence of a broken symmetry. These relations are exact and
should apply generally to many condensed-matter physics systems. Here, we establish these relations for
magnetic systems and nematic liquid crystals in a symmetry-breaking external field, and we illustrate them
on the Curie-Weiss and the XY models. Our relations also have implications for spontaneous symmetry

breaking, which are discussed.

DOI: 10.1103/PhysRevLett.113.240602

Away from equilibrium, the second law of thermody-
namics quantifies the breaking of the time-reversal
symmetry due to energy dissipation, as observed on
macroscales. Yet, the microscopic equations of motion
are fully reversible and this microreversibility has funda-
mental implications such as the Onsager reciprocal rela-
tions in regimes close to equilibrium, as well as the
so-called fluctuation relations, which are also valid further
away from equilibrium [1-7].

In this context, Hurtado et al. have uncovered a remark-
able extension, which they dubbed isometric fluctuation
relations, by considering the symmetry under both time
reversal and spatial rotations in nonequilibrium fluids [8].
These results hint at the possibility that all the fundamental
symmetries continue to manifest themselves in the fluctu-
ations, even if these symmetries are broken by external
constraints. This concerns not only systems driven away
from equilibrium, but also equilibrium systems described
by Gibbsian canonical distributions, as shown by one of us
for discrete symmetries such as spin reversal [9]. In this
regard, we may wonder whether such fluctuation relations
would hold for general broken symmetries in equilibrium
systems. The issue is of importance given the central
role played by symmetry-breaking phenomena in physics
[10,11]. A symmetry may be broken spontaneously if the
ground state has a lower symmetry than the Hamiltonian, or
explicitly if a perturbation H, is added to a Hamiltonian H,,
where H is less symmetric than H. In either case, do the
fluctuations of the order parameter leave a footprint of the
symmetry that is broken?

The purpose of the present Letter is to answer this
fundamental question in the affirmative by proving that, for
equilibrium systems, whenever a symmetry is broken by an
external field, the probability distribution of the fluctua-
tions obeys an isometric fluctuation relation. Remarkably,
this relation is exact already for finite systems. This result
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established for magnetic systems and nematic liquid
crystals, is illustrated for the Curie-Weiss and XY models
of ferromagnetism. We then discuss implications of our
result for spontaneous symmetry breaking (SSB).

Let us consider a system composed of N Heisenberg
spins 6 = {o;}",, where the individual spins take discrete
or continuous values such that 6; € R and ||6;|| = 1. The
order parameter of this system is the magnetization
My(6) = > ¥, 6;, and the Hamiltonian of the system is
assumed to be of the form Hy(o;B) = Hy(6;0)—
B -My(6), where B is the magnetic field. Let us also
introduce the probability Pg(M) that the magnetization
takes the value M=My (6) as Pg(M)=(sM—-My(c)])p,
where §(-) denotes the Dirac delta distribution and (-)p the
statistical average over Gibbs’ canonical measure at the
inverse temperature § [12]. First, we establish a general
identity between the distribution of the order parameter in
the field, Pg(M), and the same distribution in the absence
of the field, Py(M):

Pg(M) =

—PHy(6:0)+/B-My(6) STM — M
ZN(B) Zo_:e [ N(G)]’
1

BN " e P05 — My (6)],
[}

Zn(B)

(
NP (n

where Zy(B) is the partition function. We notice that this
identity holds even if the Hamiltonian Hy(c;0) has no
particular symmetry.

Now, we suppose that, in the absence of the field, the
Hamiltonian H y(o;0) is invariant under a symmetry group
G, which can be discrete or continuous. This means that
Hy(6%;0) = Hy(s:0), where 6 = {R, - 6,}% |, and R, is
a representation of the member g of the group G such that
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|detR,| = 1. The consequence is that the probability
distribution of the magnetization has this symmetry in
the absence of the magnetic field since summing over the
microstates ¢ or their symmetry transforms 69 are equiv-
alent for every g € G so that

U ——
_ #(O)ZE_MNWOB[M — R, My(o)],
— Py(R;" - M). (2)

Combining Egs. (1) and (2), one obtains the fluctuation
relation

Py (M) = Py(M)e/® MM, 3)

with M’ = R;' - M for all g € G. When R, represents a
rotation, ||[M]|| = ||[M’||, hence the name isometric fluc-
tuation relation. This relation includes as a particular case
the fluctuation relation derived in Ref. [9] when M’ = —M.
In analogy with the nonequilibrium case, a corollary of this
relation can be obtained by introducing the Kullback-
Leibler (KL) divergence of the distributions Pg(M) and
Pg(M’). The positivity of the KL divergence leads to the
second-law-like inequality

B-(M)y > B- (M), (4)

where (-)p represents an average with respect to the
distribution Pg(M).

In Eq. (3), the distribution of the order parameter is
compared to the distribution of the rotated order parameter
in the same magnetic field. Another possibility is to fix the
order parameter and rotate the magnetic field. A similar
derivation leads to

Py(M) = Py (M)e/(B-BIM, (5)

where B’ = RI - B for all g € G, with T denoting the
transpose. We emphasize that the fluctuation relations (3)
and (5) hold exactly in finite systems.

The isometric fluctuation relation (3) also holds locally
for a spatially varying magnetization density m(r) and
magnetic field B(r). To show this, it is needed to proceed
by coarse graining the magnetization density m(r) =

N, 6;6(r —r;), where r; is the location of spin 6;. By
adapting the derivation of Eq. (3), one then finds

Pym(r)] = Py[m’ (1)) S @BOmE-m®] ()

where Pg[m(r)] is the probability functional of the
magnetization density m(r) and m’(r) = R;' - m(r) (see
the Supplemental Material [13] for details).

In the infinite-system limit N — oo, these fluctuation
relations have their counterparts in terms of large-deviation
functions [17-19]. By defining the magnetization per spin
m = M/N, one can introduce a large-deviation function
®g(m) such that

Py(M) = Ay(m)eNos(m), (7)

where Ay(m) is a prefactor which has a negligible
contribution to ®g(m) in the limit N — co. As a result,
Eq. (3) implies the following symmetry relation for the
large-deviation function:

Pp(m) — Pg(m’) = B - (m’ —m). (8)

It is important to appreciate that the function ®g(m)
characterizes the equilibrium fluctuations of the order
parameter which are in general non-Gaussian. This function
can be expressed in terms of the Helmholtz free energy per
spin, f(B) = —f~!'InZy(B)/N, and of its Legendre trans-
form ®y(m) using Egs. (1) and (7), as Pg(m) = Py(m) —
AB-m —Sf(B)+ ff(0) [9]. Unlike the Helmholtz free
energy f(B) or its Legendre transform ®,(m), the function
®g(m) depends on both thermodynamically conjugated
variables m and B.

We may also introduce the cumulant generating function
for the magnetization:

which is the Legendre-Fenchel transform of the function
®g(m) defined by Eq. (7). As aconsequence of the isometric
fluctuation relation (3), the generating function (9) obeys the
symmetry relationI'g () = 'z [fB + R - (A — fB)] forall
g € G. In the particular case of the inversion R, = -1, we
find that

Tp(h) =T5(26B — ). (10)

The first cumulant, which is the average magnetization per
spin, is thus given by

myy = T8 @) =~ TP epm). ()

which has fundamental implications about SSB. Indeed, as
long as the cumulant generating function (9) remains
analytic in the variables A (which is necessarily the case
in afinite system), the average magnetization has to vanish in
the absence of external field because (m), = 0,I4(0) =
—0,Iy(0) = —(m), = 0,as implied by Eq. (11). Because of
the thermodynamic limit N — oo, the generating function
may not be analytic, allowing a spontaneous magnetization
(m)y # 0 in the absence of external field, and thus the
possibility of SSB. In this case, in view of the symmetry (10),
the simplest possible form of the generating function near
A=pBis
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g (h) = g(BB)|7, ~ I~ BB|"1/° (12)

at the critical temperature 7., in order for the critical
magnetization to scale as [[(m)gll7, ~ IB||'/% with the
critical exponent & = 3 in the mean-field models, or 6 =
15 in the two-dimensional Ising model [20-22]. The uni-
versal scaling behavior (12) establishes the nonanalyticity of
the generating function, which allows for the possibility of a
nonvanishing spontaneous magnetization in the thermody-
namic limit.

Now, we study a selection of illustrative examples of
magnetic systems. Let us start by considering N
Heisenberg spins with Curie-Weiss interaction. The
Hamiltonian of this system is

Hy(o:B) =~ My(6) ~ B-My(o). (13

The distribution of the order parameter is

- (ﬁ]/2N)M2+ﬁB-MC M 14
ZN(B)e N( )’ ( )

where the function Cy(M) = > 6[M — My(c)] repre-
sents the number of microstates with a given magnetization
M. This number, which has to be rotationally invariant,
is related by Cy = e5¥/k to the entropy function Sy (M)
and Boltzmann constant k. Using large-deviation theory
[13,17,19], one explicitly obtains this entropy in the form
of Sy(Nm) = —kNI(m) with m = ||m|| and

sinh [£71(m)]

m) =mL ™ (m) —1n
I{om) = mL™! () ~In== =

(15)

where £~! is the inverse of the Langevin function
L(x) = coth(x) — 1/x, a result which also follows from
a standard mean-field approach [23]. Combining Eqs. (14)
and (15), the large-deviation function defined in Eq. (7) is
®g(m) = I(m) — fJm?/2 — fB - m. The prefactor Ay (m)
of Eq. (7) is calculated in the Supplemental Material [13].
For this model, it is straightforward to check that this large-
deviation function satisfies the symmetry relation of
Eq. (8). In Fig. 1, we show the distribution Pg(Nm) as
a function of the components (m,, m,) of the magnetization
per spin. In the absence of external field, the probability
distribution is spherically symmetric, in which case spon-
taneous symmetry breaking occurs below the critical
temperature. Figure 2 depicts the cumulant generating
function (9) below and above the critical temperature. If
this function is analytic in the paramagnetic phase above
the critical temperature, it is no longer the case below the
critical temperature in the ferromagnetic phase where the
function presents a discontinuity at the symmetry point
A = /B in its derivatives with respect to the parameters A.
As aforementioned, this nonanalyticity is at the origin of
the spontaneous magnetization in the ferromagnetic phase.

FIG. 1 (color online). Probability density pg(m) =
N3Pg(Nm) of the magnetization per spin m = M/N =
(my,m,,m, =0) for the three-dimensional Curie-Weiss model
in the hlagnetic field B = (B,0,0) with B=0.01, J =1, and
N = 100 at the rescaled inverse temperatures (a) #J = 2.7 in the
paramagnetic phase and (b) fJ = 3.3 in the ferromagnetic phase.
The lines depict the contours of ||m| = 0.1,0.2,...,1.0 where
the isometric fluctuation relation (3) holds [13].

At the critical temperature, the generating function has the
universal scaling behavior (12) with § = 3, as it should for
this mean-field model [13].

We proceed by investigating the more complex XY
model, in light of our findings on isometric fluctuation
relations. In this much-studied model, topological defects
unbind above the Kosterlitz-Thouless transition temper-
ature T'xt, where the order changes from quasi—long range
to short range [24]. The Hamiltonian of the XY model in an
external magnetic field B = (B,.B,) is given by

Hy(0;B) = —J cos(0;—0;) —B- M, (16)
(i)
—=—kT =0.1J
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FIG. 2 (color online). Cumulant generating function (9) of the
magnetization in the three-dimensional Curie-Weiss model for
the magnetic field B = (B,0,0) with B =0.001, J =1, and
different temperatures across criticality. The generating function
is rescaled by the average magnetization (m) in the direction of
the external field and plotted versus the rescaled parameter
2/(2pB) in the same direction A = (4,0,0). The generating
function is computed by taking the Legendre-Fenchel transform
of the large-deviation function ®g(m) introduced in Eq. (7) [13].
The isometric fluctuation relation (3) implies the symmetry
A — 2B — A of the generating function according to Eq. (10).
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on a square lattice with L x L sites (i, j = 1,2, ..., L) with
the magnetization M = > _;(cos6;,sin ;). In the absence
of an external field, the Hamiltonian is symmetric under the
orthogonal group O(2). In view of Eq. (1), the probability
distribution of the magnetization in the field can be
obtained from the same distribution in the absence of
the field Py(M). This quantity is itself related to the
probability distribution of the modulus of the magnetiza-
tion Q(M) by Py(M) = Q(M)/(2zM). A rich physics is
contained in the distribution Q(M) [25]. In particular, a
calculation of this quantity below Tt has been shown to be
numerically very close to a Gumbel distribution [26].

In order to test the isometric fluctuation relations, we
have carried out Monte Carlo simulations as shown in
Fig. 3. Figure 3(a) represents the quantity Qg(M,6) =
2zM Pg (M) versus the magnetization per spin m = M/N
for different values of the angle 6, while Fig. 3(b) depicts
the probability distribution compensated by Boltzmann
weights:  fg(M,0) = Qg(M,0)e PBM <0 The coinci-
dence of all the curves is evidence of the isometric
fluctuation relation. In addition, we show in the inset a
test of the relation using an equivalent form put forward by
Hurtado et al. [8]:

L, Os(M.0)
n
PBM  Qg(M.0)

=cosf —cosf'. (17)

We have checked that the relation holds at temperatures
below Tk, as well as above.

Besides the Curie-Weiss and XY models, the isometric
fluctuation relation applies as well to other magnetic

(@) (b) )
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FIG. 3. XY model of two-dimensional magnetism on a square

lattice with L = 10 and J = 1 in the external magnetic field B =
(0.1,0) at the rescaled inverse temperature fJ = 0.8 above the
critical temperature Tgy. (a) The distribution Qg(M,0) =
2zM Py (M) versus the modulus of the magnetization per spin
M/N = ||M]||/N for different values of the angle 8 separated by
A6 = /6, with the top curve corresponding to the direction
along the magnetic field. (b) The distribution compensated by
Boltzmann weights fg(M,6) = Qg(M, 0) exp(—fBM cos 0)
confirming the isometric fluctuation relation. Inset: Check of
the equality between the left- and right-hand sides of Eq. (17).
After a transitory run of 10* spin flips, the statistics is carried out
over 10% values of the magnetization, each one separated by 10°
spin flips.

systems. In particular, the relation can be established using
the transfer-matrix method in the case of a 1D classical
chain of Heisenberg spins [27].

Beyond magnetic systems, broken symmetry phases are
ubiquitous in soft matter systems, such as liquid crystals.
These systems are of great interest to study deformations
and orientation due to heterogeneities or to the application
of external fields. Below, we focus on nematic liquid
crystals which can be described by a tensorial order
parameter Q, or equivalently by a scalar order parameter
and a director n for uniaxial nematics [28]. Here, we
discuss the fluctuations of the tensorial order parameter in a
finite ensemble of nematogens.

Let us consider the following general Hamiltonian

Hy(o;B) = Hy(6;0) — BT -Qy (o) - B, (18)

with the following traceless tensorial order parameter:

Qu(o) =i(m®c?—§1), (19)

i=1

where now 6; € R? is a unit vector directed along the
axis of the nematogens molecules. The distribution of this
tensor is Pg(Q) = (6[Q — Qy(0)])p, where (-)g denotes
the statistical average over Gibbs’ canonical measure.
Using a similar derivation as before for a vectorial order
parameter, one obtains the following isometric fluctuation
relations for the distribution of the tensorial order
parameter Q:

Py(Q) = Py(Q)e™ (O-0)E, (20)

with @ =R;'-Q-R;'T for all g€ G. We will report
elsewhere the application of this relation to a variant of
the Maier-Saupe model [29] and its extension to the
continuum description of long-wavelength fluctuations of
the director field n(r) [27].

In this Letter, we have obtained isometric fluctuation
relations for equilibrium systems. These relations are exact
and hold for finite as well as infinite systems. We have
shown that the fundamental symmetries of systems under-
going explicit or spontaneous symmetry breaking continue
remarkably to manifest themselves in the fluctuations of the
order parameter. The fluctuation relations take slightly
different forms depending on the particular interaction
energy of the system with the symmetry-breaking field, as
shown in the examples with magnetic or nematic systems.

We have also shown in Eq. (6) that the symmetry relation
holds not only for the global order parameter in a finite
system but also locally in spatially extended systems. A
potential application of this result for experiments could
consist in looking for an asymmetry in the local fluctua-
tions of an order parameter, and in extracting from this
asymmetry information about the symmetry-breaking field
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B(r). This would be the equilibrium analog of recent
experiments, in which the asymmetry in nonequilibrium
fluctuations have been exploited to estimate the entropy
production [30,31]. Another interesting application of this
framework, which we plan to pursue, concerns the analysis
of fluctuations in the critical regime, which are accessible
experimentally [32]. In conclusion, the isometric fluc-
tuation relations point towards a deep connection between
fluctuations and symmetries, beyond the distinction
between equilibrium and nonequilibrium. This deep link
not only sheds a new light on the classic topic of symmetry
breaking, but is also likely to be a useful tool for extracting
relevant information from fluctuations.

The authors thank P. Reimann for helpful advice in the
presentation of this Letter, as well as M. Clusel, M.
Esposito, and P. Davidson for stimulating discussions. P.
Gaspard thanks the Belgian Federal Government for
financial support under the Interuniversity Attraction
Pole Project No. P7/18 “DYGEST.”

[1] D.J. Evans, E. G.D. Cohen, and G. P. Morriss, Phys. Rev.
Lett. 71, 2401 (1993).
[2] G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74, 2694
(1995).
[3] J. Kurchan, J. Phys. A 31, 3719 (1998).
[4] G.E. Crooks, Phys. Rev. E 60, 2721 (1999).
[5] D. Andrieux and P. Gaspard, J. Stat. Mech. (2006) PO1011.
[6] C.Jarzynski, Annu. Rev. Condens. Matter Phys. 2,329 (2011).
[7] U. Seifert, Rep. Prog. Phys. 75, 126001 (2012).
[8] P.I. Hurtado, C.P. Espigares, J.J. del Pozo, and P.L.
Garrido, Proc. Natl. Acad. Sci. U.S.A. 108, 7704 (2011);
J. Stat. Phys. 154, 214 (2014).
[9] P. Gaspard, J. Stat. Mech. (2012) P08021.
[10] P. W. Anderson, Science 177, 393 (1972).
[11] P. M. Chaikin and T. C. Lubensky, Principles of Condensed
Matter Physics (Cambridge University Press, Cambridge,
United Kingdom, 1995).

[12] L. Peliti, Statistical Mechanics in a Nutshell (Princeton
University Press, Princeton and Oxford, 2003).

[13] See  Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.113.240602, which in-
cludes Refs. [14-16], for a proof of the fluctuation relation
for a local order parameter and for details on the derivation
of the probability distribution of the order parameter for the
Curie-Weiss model.

[14] N. Bleistein and R. A. Handelsman, Asymptotic Expansions
of Integrals (Dover, New York, 1986).

[15] K. Huang, Statistical Mechanics, 2nd ed. (Wiley, New York,
1987).

[16] S. Wolfram, Mathematica (Addison-Wesley Publishing
Company, Redwood City, CA, 1988).

[17] R.S. Ellis, Scand. Actuarial J. 1995, 97 (1995).

[18] B. Derrida, J. Stat. Mech. (2007) P07023.

[19] H. Touchette, Phys. Rep. 478, 1 (2009).

[20] B. Widom, J. Chem. Phys. 43, 3898 (1965).

[21] M. E. Fisher, Rep. Prog. Phys. 30, 615 (1967).

[22] L. P. Kadanoff, W. Gotze, D. Hamblen, R. Hecht, E. A. S.
Lewis, V. V. Palciauskas, M. Rayl, J. Swift, D. Aspnes, and
J. Kane, Rev. Mod. Phys. 39, 395 (1967).

[23] D. Lacoste and T. C. Lubensky, Phys. Rev. E 64, 041506
(2001).

[24] J.M. Kosterlitz and D.J. Thouless, J. Phys. C 6, 1181
(1973).

[25] S.T. Bramwell, P.C. W. Holdsworth, and J.-F. Pinton,
Nature (London) 396, 552 (1998).

[26] B. Portelli, P.C. W. Holdsworth, M. Sellitto, and S.T.
Bramwell, Phys. Rev. E 64, 036111 (2001).

[27] D. Lacoste and P. Gaspard (to be published).

[28] P. G. de Gennes and J. Prost, The Physics of Liquid Crystals
(Oxford Science Publications, Oxford, 1993).

[29] W. Maier and Z. Saupe, Z. Naturforsch. 13A, 564 (1958).

[30] D. Andrieux, P. Gaspard, S. Ciliberto, N. Garnier, S.
Joubaud, and A. Petrosyan, J. Stat. Mech. (2008) PO1002.

[31] S. Tusch, A. Kundu, G. Verley, T. Blondel, V. Miralles, D.
Démoulin, D. Lacoste, and J. Baudry, Phys. Rev. Lett. 112,
180604 (2014).

[32] S. Joubaud, A. Petrosyan, S. Ciliberto, and N. B. Garnier,
Phys. Rev. Lett. 100, 180601 (2008).

240602-5


http://dx.doi.org/10.1103/PhysRevLett.71.2401
http://dx.doi.org/10.1103/PhysRevLett.71.2401
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1088/0305-4470/31/16/003
http://dx.doi.org/10.1103/PhysRevE.60.2721
http://dx.doi.org/10.1146/annurev-conmatphys-062910-140506
http://dx.doi.org/10.1088/0034-4885/75/12/126001
http://dx.doi.org/10.1073/pnas.1013209108
http://dx.doi.org/10.1007/s10955-013-0894-6
http://dx.doi.org/10.1126/science.177.4047.393
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.240602
http://dx.doi.org/10.1080/03461238.1995.10413952
http://dx.doi.org/10.1016/j.physrep.2009.05.002
http://dx.doi.org/10.1063/1.1696618
http://dx.doi.org/10.1088/0034-4885/30/2/306
http://dx.doi.org/10.1103/RevModPhys.39.395
http://dx.doi.org/10.1103/PhysRevE.64.041506
http://dx.doi.org/10.1103/PhysRevE.64.041506
http://dx.doi.org/10.1088/0022-3719/6/7/010
http://dx.doi.org/10.1088/0022-3719/6/7/010
http://dx.doi.org/10.1038/25083
http://dx.doi.org/10.1103/PhysRevE.64.036111
http://dx.doi.org/10.1103/PhysRevLett.112.180604
http://dx.doi.org/10.1103/PhysRevLett.112.180604
http://dx.doi.org/10.1103/PhysRevLett.100.180601

